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Short introduction - 1
Coding theory is about transmitting a message, called a code, from a sender to a
receiver, through a communication channel that is unreliable.
Classical coding theory
Involves one sender and one receiver. The channel model is called discrete and is given by
y = x + v , x , y , v ∈ Fnq.
Decoding task : recovering x , given y .
Space-time coding
Suppose that the sender has M antennas and the receiver has N antennas. At time t, the
M antennas each send one signal which will be sensed by the N received antennas. Say
the transmission is repeated T times. We talk about continuous channel model by
considering
YN×T = HN×MXM×T + VN×T , Y ,H,X ,V matrices with coeﬃcients in C.
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Short introduction - 2
Simplified model
Yn×n = Hn×nXn×n + Vn×n, Y ,H,X ,V ∈ Mn(C).
A code C is a subset of Mn(C). A codeword is a matrix in this set.
Design criteria
There are two design criteria to construct codes C ∈ Mn(C) with good properties :
Full-diversity property
det(X ￿ − X ￿￿) ￿= 0, for all X ￿ ￿= X ￿￿ ∈ C
Non-vanishing determinant (NVD) property
det
min
(C) = inf{det((X ￿ − X ￿￿)(X ￿ − X ￿￿)∗)} ≥ ε, for some ε > 0
Of course, NVD implies full-diversity.
Assumption 1 : Codes are additive subgroups of Mn(C).
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Short introduction - 3
Minimum determinant
We define
det
min
(C) = inf{| det(X )|,X ∈ C,X ￿= 0}.
Roughly speaking, if the minimum determinant of a code is maximized, the code will
perform better.
Normalized minimum determinant
To be able to compare the eﬃciency of two codes, we will define a "normalized" version
of the minimum determinant. It will be denoted by δ(C).
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Short introduction - 4
To recover uniquely a sent codeword
Assumption 2 : Codes are lattices in Mn(C).
Definition of a code
A code is a subset of Mn(C)
A lattice code is a subset of Mn(C) of the form C = ZM1 ⊕ · · ·⊕ ZMk ⊆ Mn(C),
with R-linearly independent matrices
A finite code is a finite subset of a lattice code
Dimension rate of a code
Consider ￿C￿, the R-vector space spanned by the k matrices of C. We define
R =
dimR(￿C￿)
n
=
k
n
.
Note that 1 ≤ k ≤ 2n2.
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Short introduction - 5
Problem to study
Find the maximal k such that
C = ZM1 ⊕ · · ·⊕ ZMk ⊆ Mn(C)
with R-linearly independent matrices M1, . . . ,Mk has NVD property
Give explicit constructions
Compute the normalized minimum determinant
Necessary tools : lattices and central simple algebras.
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Lattices - Basic definitions
Let (V , ￿·, ·￿) be an m-dimensional R-vector space equipped with a scalar product.
A lattice in V is a subgroup of the form
L = Zv1 ⊕ · · ·⊕ Zvk ⊆ V ,
with v1, . . . , vk ⊆ V , R-linearly independent. We call k the dimension of L.
The set
FL = {x1v1 + · · ·+ xkvk : xi ∈ R, 0 ≤ xi < 1}
is called a fundamental parallelotope of L. We say that L is full if k = m.
The volume of L is defined by
vol(L) =
￿
det(G(v1, . . . , vk)),
where G(·) stands for the Gram matrix formed by all the inner products ￿vi , vj ￿ .
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Lattices - Basic definitions
Let L be a k-dimensional lattice in V , an m-dimensional R-vector space.
We denote by sv(L) the shortest vector of L.
The normalized shortest vector of L is defined by
Nsv(L) =
sv(L)
vol(L)1/k
.
Further, we define Nsv(k) to be the supremum of Nsv(L),
where L runs over all k-dimensional lattices in V .
Proposition
A subgroup L ⊆ V is a lattice if and only if it is discrete.
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Lattices - Matrix lattices
Now, V = Mn(C), equipped with the scalar product defined by
￿X ,Y ￿V = ￿α(X ),α(Y )￿R ,
where α : Mn(C) ￿−→ R2n2 takes each matrix to a 2n2-dimensional real vector by first
splitting all real and imaginary parts and then forming the resulting vector row-by-row.
Proposition
Let L be a full lattice in Mn(C), then vol(L) =
￿
α(FL) dx .
Proposition
Let X ,Y ∈ Mn(C), then ￿α(X ),α(Y )￿ = Re(Tr(XY ∗)).
Let X1, . . . ,Xk ∈ Mn(C), then G(X1, . . . ,Xk) = Re(Tr(XiX ∗j ))1≤i,j≤k .
C. Becker 12 / 45 Codes from division algebras
Lattices - Matrix lattices
Proposition
Let L1, L2 be two orthogonal lattices, then vol(L1 ⊕ L2) = vol(L1)vol(L2)
Definitions
Let L be a k-dimensional lattice in Mn(C).
The minimum determinant of L is defined by
det
min
(L) = inf{| det(X )| : X ∈ L,X ￿= 0}.
The normalized minimum determinant of L may be defined as
δ(L) =
detmin(L)
vol(L)n/k
.
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Lattices - Matrix lattices
Hadamard inequality
Let A ∈ Mn(C) with columns Aj , 1 ≤ j ≤ n. Then
| det(A)| ≤
n￿
j=1
||Aj ||E .
Fundamental inequality
Let A ∈ Mn(C), then
| det(A)| ≤ ||A||
n
F
nn/2
.
Relation between minimum determinant and shortest vector
Let L be a k-dimensional lattice in Mn(C), then
δ(L) ≤ Nsv(k)
n
nn/2
.
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Lattices - Volume of special matrix lattices
Let A ∈ Mn(C) and C = ZM1 ⊕ · · ·⊕ ZMk ⊆ Mn(C) be a lattice code.
Question : can we express vol(AC) in terms of vol(C) ?
The answer holds in the two following propositions
Proposition
Let L be a 2n-dimensional diagonal lattice in Mn(C) and suppose that A = DP, with D
and P diagonal and permutation matrices. Then
vol(AC) = | det(A)|2vol(C).
Moreover, δ(AC) = δ(C).
Proposition
Let L be a 2n2-dimensional lattice in Mn(C). Then
vol(AC) = | det(A)|2nvol(C).
Moreover, δ(AC) = δ(C).
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Central simple algebras
Motivation : construct additive subgroups of Mn(C) such
that every nonzero element is invertible
Let K be a field.
Definition
A K-algebra is a pair (A, µ), where A is a K -vector space and µ : A× A −→ A is a
K -bilinear map.
Assumption
All K -algebras are associative, unitary, finite-dimensional over K and by identifying K
with K · 1A yielding K ⊆ Z(A).
Definitions
A division K-algebra is a K -algebra which is also a division ring.
A central algebra over K is a K -algebra whose center is K .
A simple K-algebra is a K -algebra with no non-trivial two-sided ideals.
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Central simple algebras
Tensor product of two algebras
If A and B are K -algebras, their tensor product A⊗K B may be viewed as the K -vector
space spanned by the symbols a⊗ b subject to
(a+ a￿)⊗ b = a⊗ b + a￿ ⊗ b
a⊗ (b + b￿) = a⊗ b + a⊗ b￿
(λa)⊗ b = a⊗ (λb) = λ(a⊗ b).
Equipped with the unique distributive product law satisfying (a⊗ b)(a￿ ⊗ b￿) = aa￿ ⊗ bb￿,
A⊗K B becomes a K -algebra.
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Central simple algebras
Definition
Let A be a K -algebra. A subfield of A is a commutative subalgebra of A, say L, which is
also a field.
A may be viewed as a right L-vector space, but is not necessarily
an L-algebra.
Proposition
Let A be a simple K -algebra and L a subfield of A. Denote m = dimL(A). Then, we have
an embedding
ϕ : A ￿−→ EndL(A) ∼−→K Mm(L)
a ￿−→
￿
la : A −→ A
z ￿−→ az
￿
￿−→ Ma,
where Ma is the matrix of left multiplication by a in the chosen L-basis of A.
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Central simple algebras
Definition
Let A be a central simple K -algebra. The degree of A is defined to be
deg(A) =
￿
dimK (A).
Definition
Let A be a central simple K -algebra of degree n. A field L is called a splitting field of A if
it contains K and A⊗K L ∼=L Mn(L). We also say that L splits A.
A splitting field may not be a subfield.
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Central simple algebras
Let A be central simple K -algebra of degree n.
Proposition
Let L be a subfield of A. Then [L : K ]|n.
Definition
A maximal subfield of A is a subfield of degree n over K .
Proposition
Let L be a maximal subfield of A. Then the isomorphism
f : A⊗K L ∼−→L EndL(A)
a⊗ λ ￿−→
￿
A −→ A
z ￿−→ azλ
￿
.
yields that L is a splitting field of A.
Proposition
Every central division algebra has a maximal subfield.
Every central simple K -algebra has a Galois splitting field.
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Central simple algebras
Here, we extend the notion of characteristic polynomial to every element of a central
simple algebra.
Let A be a central simple K -algebra of degree n and a ∈ A.
Definition
The reduced characteristic polynomial of a is the polynomial PrdA(a) ∈ K [X ] defined by
PrdA(a) = det(XIn − f (a⊗ 1)),
where f : A⊗K L ∼−→L Mn(L).
Definition
Write
PrdA(a) = X n − s1X n−1 + s2X n−2 + . . .+ (−1)nsn.
The coeﬃcients s1 and sn are called the reduced trace and reduced norm of a, and
denoted by TrdA(a) and NrdA(a).
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Central simple algebras
Let A be a central simple K -algebra of degree n, and L be a maximal subfield of A.
Lemma
The reduced characteristic polynomial has coeﬃcients in K . In particular
NrdA : A −→ K .
Proposition
There exists an isomorphism f : A⊗K L ∼−→L EndL(A) such that f (a⊗ 1) = la.
So, there also exists an isomorphism f ￿ : A⊗K L ∼−→L Mn(L) such that f ￿(a⊗ 1) = Ma.
Corollary
It follows that PrdA(a) is the characteristic polynomial of Ma, TrdA(a) = Tr(Ma) and
NrdA(a) = det(Ma).
Why algebras are good for the design of space-time codes ?
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Codes from division algebras
Problem to study
Find the maximal k such that
C = ZM1 ⊕ · · ·⊕ ZMk ⊆ Mn(C)
with R-linearly independent matrices M1, . . . ,Mk has NVD property
Give explicit constructions
Compute the normalized minimum determinant
Necessary tools : lattices and central simple algebras.
Codes from
number fields
Codes from cyclic
division algebras
Codes from
crossed products
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Codes from number fields
Let E/Q(i) be a Galois extension of degree n with Galois group
Gal(E/Q(i)) = {σ1, . . . ,σn}. Denote by OE the ring of integers of E.
Consider the relative canonical embedding
ψ : E −→ Mn(E)
x ￿−→

σ1(x) 0 . . . 0
0 σ2(x)
. . .
...
...
. . .
. . . 0
0 . . . 0 σn(x)
 .
Proposition
For all x ∈ OE , NrE/Q(i)(x) ∈ Z[i ]
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Codes from number fields
Let a ∈ E×.
Proposition
ψ(aOE ) is a 2n-dimensional lattice code in Mn(C).
Proposition
vol(ψ(aOE )) = 2−n
￿|d(E/Q)| · NrE/Q(a).
Proposition
δ(ψ(aOE )) = 2n/2|d(E/Q)|−1/4.
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Codes from number fields
Problem to study
Find the maximal k such that
C = ZM1 ⊕ · · ·⊕ ZMk ⊆ Mn(C)
with R-linearly independent matrices M1, . . . ,Mk has NVD property
Give explicit constructions
Compute the normalized minimum determinant
Necessary tools : lattices and central simple algebras.
First answer : we have constructed a lattice code of dimension 2n with NVD property,
whose dimension rate is 2 and δ has been computed.
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Codes from cyclic division algebras
Let E/Q(i) be a cyclic Galois extension of degree n with Galois group
Gal(E/Q(i)) = ￿σ￿ .
Denote by OE the ring of integers of E.
We denote by A = (E/Q(i),σ, γ) the Q(i)-algebra defined by
A = E ⊕ uE ⊕ · · ·⊕ un−1E ,
where u ∈ A is an auxiliary generating element satisfying
xu = uσ(x), for all x ∈ E and un = γ ∈ Q(i)×.
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Codes from cyclic division algebras
Proposition
A = (E/Q(i),σ, γ) is a central simple algebra over Q(i) and has degree n.
Proposition
If γ, γ2, . . . , γn−1 ∈ Q(i)× are not norms of any element of E , then A is a division
algebra.
Example
The Hamilton quaternion algebra A = (Q(i)/Q,σ,−1),
where σ is the complex conjugation is a central division
Q-algebra.
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Codes from cyclic division algebras
Let A be a cyclic division algebra.
Note that A admits E as a maximal subfield, and we have the embedding
A ￿−→ A⊗Q(i) E −→ EndE (A) −→ Mn(E)
a ￿−→ a⊗ 1 ￿−→
￿
la : A → A
z ￿→ az
￿
￿−→ Ma.
Consider the relative canonical embedding
ψ : A −→ Mn(E)
a ￿−→

x0 γσ(xn−1) γσ2(xn−2) . . . γσn−1(x1)
x1 σ(x0) γσ2(xn−1) . . . γσn−1(x2)
x2 σ(x1) σ2(x0) . . . γσn−1(x3)
...
...
...
. . .
...
xn−1 σ(xn−2) σ2(xn−3) . . . σn−1(x0)
 ,
where a = x0 + ux1 + . . .+ un−1xn−1 ∈ A = E ⊕ · · · uE ⊕ · · ·⊕ un−1E .
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Codes from cyclic division algebras
Let A = (E/Q(i),σ, γ) be a cyclic division algebra of degree n, and a ∈ E×.
Definition
Let Γn = OE ⊕ uOE ⊕ · · ·⊕ un−1OE , which is a subgroup of A.
Note that whenever γ ∈ Z[i ]×, Γn becomes a subring of A and is called the natural order
of A.
Proposition
For every a ∈ Γn, NrdA(a) ∈ Z[i ].
Proposition
If γ ∈ Q(i)×, then ψ(Γna) is a 2n2-dimensional lattice code in Mn(C).
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Codes from cyclic division algebras
Proposition
If γ ∈ Z[i ], |γ| = 1, then
vol(ψ(Γna)) = vol(ψ(aOE ))n.
Moreover,
δ(ψ(Γna)) = 2n/2|d(E/Q)|−1/4.
Proposition (generalization)
If γ ∈ Q(i)×, then
vol(ψ(Γna)) = vol(ψ(aOE ))n|γ|n(n−1).
Moreover,
1
|v(γ)|n￿vol(ψ(Γn)) ≤ δ(ψ(Γna)) ≤ Nsv(2n)
n
nn/2
,
where v(γ) = v( ab +
c
d i) = bd .
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Codes from cyclic division algebras
Example : the Alamouti code (1998)
We consider A = (Q(i)/Q,σ,−1), where σ is the complex conjugation. Then,
ψ(Γn) =
￿￿
a −b
b a
￿
: a, b ∈ Z[i ]
￿
is a 4-dimensional lattice code in Mn(C).
Moreover, δ(ψ(Γn)) =
1
2
.
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Codes from cyclic division algebras
Definition
Let us suppose that we have a full lattice code with Z[i ]-module structure, i.e.,
L = Z[i ]M1 ⊕ · · ·⊕ Z[i ]Mn2 ,
with M1, iM1, . . . ,Mn2 , iMn2 linearly independent over R, orthogonal to each other, and
of unit length. If δ(L) ￿= 0, then we say that L is a perfect code.
Proposition
If γ ∈ Z[i ], |γ| = 1 and ψ(aOE ) is an orthonormal Z[i ]-lattice, then ψ(Γna) is a perfect
code.
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Codes from cyclic division algebras
Example : the Golden code (Belfiore-Rekaya-Vitterbo, 2005)
Consider A = (Q(i ,√5)/Q(i),σ, i), with σ : √5 ￿→ −√5. Denote by ν = 1+
√
5
2 the
golden number, and let α = 1+ i − iν.
Since, ψ(αOE ) is an orthonormal lattice, we get that
ψ(Γα) =
￿￿
α(a+ bν) iα(c + dν)
α(c + dν) α(a+ bν)
￿
: a, b, c, d ∈ Z[i ]
￿
is a perfect code.
Moreover, δ(ψ(Γα)) =
1√
5
.
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Codes from cyclic division algebras
Problem to study
Find the maximal k such that
C = ZM1 ⊕ · · ·⊕ ZMk ⊆ Mn(C)
with R-linearly independent matrices M1, . . . ,Mk has NVD property
Give explicit constructions
Compute the normalized minimum determinant
Necessary tools : lattices and central simple algebras.
Second answer : we have constructed a lattice code of dimension 2n2 with NVD property,
whose dimension rate is 2n, which is the maximum achievable, and δ has been computed.
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Codes from crossed products
Goal : study more general structure, crossed product algebras
Let E/F be a Galois extension of degree n with Galois group G .
Definition
We call a factor set from G to E× a map f : G × G → E× satisfying
fσ,τ fρσ,τ = ρ(fσ,τ )fρ,στ and fId,σ = fσ,Id = 1.
Definition
Let f be a factor set. We denote by A = (E/F , f ) the F -algebra defined by￿σ∈G uσE ,
where {uσ} forms an E -basis and multiplication obeys to
xuσ = uσσ−1(x) and uσuτ = uστ fσ,τ .
We call A a crossed product algebra.
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Codes from crossed products
A cyclic algebra is a crossed product.
Proposition
A = (E/F , f ) is a central simple algebra over F of degree n and E is a maximal subfield
of A.
Assumption
We only consider division crossed product algebras.
Consider the relative canonical embedding
ψ : A ￿−→ A⊗ E ∼−→E Mn(E),
which gives a matrix representation of every element in A with respect
to the E -basis {uσi }.
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Codes from crossed products
It is no more possible to give the explicit form of ψ as easily as
before.
For example, when G is cyclic we get
ψ : A → Mn(E)
n−1￿
i=0
uσi xi ￿→

x0 fσn−1,σ1σ
−1
1 (xn−1) fσn−2,σ2σ
−1
2 (xn−2) · · · fσ1,σn−1σ−1n−1(x1)
x1 σ−11 (x0) fσn−1,σ2σ
−1
2 (xn−1) · · · fσ2,σn−1σ−1n−1(x2)
x2 fσ1,σ1σ
−1
1 (x1) σ
−1
2 (x0) · · · fσ3,σn−1σ−1n−1(x3)
...
...
...
. . .
...
xn−1 fσn−2,σ1σ
−1
1 (xn−2) fσn−2,σ2σ
−1
2 (xn−2) · · · σ−1n−1(x0)

Definition
A factor set f is said to be integral if fσ,τ ∈ OE , for all σ, τ ∈ G .
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Codes from crossed products
Let A = (E/Q(i), f ) be a crossed product division algebra of degree n, and a ∈ E×.
Definition
Let Γ =
￿
σ∈G uσOE , which is a subgroup of A. Note that whenever f is integral, Γ
becomes a subring of A and is called the crossed product order of A.
Proposition
ψ(Γa) is a 2n2-dimensional lattice code in Mn(C).
Proposition
We have vol(ψ(Γa)) = vol(ψ(aOE ))n ·
￿￿￿￿σ,τ fσ,τ ￿￿￿2 .
Moreover, if f is integral, δ(ψ(Γa)) = 2n/2|d(E/Q)|−1/4 ·
￿￿￿￿σ,τ∈G fσ,τ ￿￿￿−1/n .
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Codes from crossed products
Proposition (generalization)
If f is an arbitrary factor set,
1
|V |n￿vol(ψ(Γ)) ≤ δ(ψ(Γa)) ≤ Nsv(2n)
n
nn/2
,
where V is a generator of the ideal {x ∈ Z [i ] : xfσ,τ ∈ OE , ∀σ, τ ∈ G}.
Proposition (perfect code)
If f is integral, and if ψ(aOE ) is an orthonormal Z[i ]-lattice,
ψ(Γa)
is a perfect code.
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Codes from crossed products
Problem to study
Find the maximal k such that
C = ZM1 ⊕ · · ·⊕ ZMk ⊆ Mn(C)
with R-linearly independent matrices M1, . . . ,Mk has NVD property
Give explicit constructions
Compute the normalized minimum determinant
Necessary tools : lattices and central simple algebras.
Second answer (bis) : we have constructed a lattice code of dimension 2n2 with NVD
property, whose dimension rate is 2n, which is the maximum achievable, and δ has been
computed.
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Conclusion
We have given a geometric framework for the study of division algebra based codes,
which is slightly diﬀerent from the literature
This master project employs techniques from various and multiple branches of
mathematics
Further study on the subject : analyze space-time codes whose centers are not
complex quadratic
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Thank you for your attention.
